PRODUCTS OF CHARACTERS AND DERIVED LENGTH 
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Abstract. Let G be a finite solvable group and x 6 Irr(G) be a faithful 
character. We show that the derived length of G is bounded by a linear function 
of the number of distinct irreducible constituents of XX- We also discuss other 
properties of the decomposition of XX into its irreducible constituents. 



1. Introduction 

Let G be a finite group. Denote by Irr(G) the set of irreducible complex char- 
acters of G. Let \g be the principal character of G. Denote by [8, $] the inner 
product of the characters Q and <& of G. Through this work, we will use the notation 
offfl. _ 

Let X G Irr(G). Define xig) to be the complex conjugate xig) of x{9) for all 
g G G. Then x is also an irreducible complex character of G. Since the product 
of characters is a character, xX is a character of G. So it can be expressed as an 
integral linear combination of irreducible characters. Now observe that 

[xx, 1g] = [x,x] = 1, 

where the last equality holds since x £ Irr(G). Assume now that x(l) > 1. Then 
the decomposition of the character xX into its distinct irreducible constituents la, 
«! , a2 , . . . , a„ has the form 

n 

(1-1) XX^^G + ^aia,, 

i=l 

where n > and > is the multiplicity of a;. 

Set rj^x) — so that r]{x) is the number of distinct non-principal irreducible 
constituents of xX- The number r](x) carries information about the structure of 
the group. For example, if ry(x) is an odd number, then the order of the group has 
to be an even number. To see this, notice that xX is a real character. When r]{x) 
is odd, at least one of the irreducible characters ai has to be real. Then G has a 
non-principal irreducible real character. So the order of G has to be even. 

The purpose of this work is to give some answers to the following questions: 

Question 1. Assume that we know r]{x) for some x G Irr(G). What can we say 
about the structure of the group G and about the character x? 

Question 2. Knowing the set {a^ \ i = 1, . . . , ?7(x)}, what can we say about the 
group G? 
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Denote by dl(G) the derived length of the group G. The mam results of this 
work regarding the first question are the following: 

Theorem A. There exist constants C and D such that for any finite solvable group 
G and any irreducible character x 

dl(G/Ker(x)) <C77(x) + i5. 

Theorem B. Let G be a finite solvable group and x G Irr(G'). Then has at 

most ri{x) distinct prime divisors. 

If, in addition, G is supersolvable and x(l) > 1, then is a product of at 

most rj{x) — 1 primes. 

The main result of this work regarding the second question is 

Theorem C. Assume that G is a finite solvable group and x £ Irr(G') with 
x(l) > 1. Let {ui e Irr(G)'^ | i = 1, . . . , n} &e the set of non-principal irreducible 
constituents of XX- V Ker(aj) is maximal under inclusion among the subgroups 
Ker(ai), for i = 1, . . . , n, ofG, then [xx, ctj] = 1- Thus 1 e {[xXi '^i] | i = 1, ■ • ■ , «-}• 

Notation. Set V* ^V\ {0} and Irr(G)# = Irr(G) \ {1g}. 

2. Preliminaries 

Definition 2.1. Let be a finite FG-module for some finite field F. Then m(G, V) 
is the number of distinct sizes of orbits of G on V * . 

Lemma 2.2 (Keller). There exist universal constants Gi and C2 such that for any 
finite solvable group G acting faithfully and irreducibly on a finite vector space V 
we have 

dl(G) <Gilog(m(G,V^)) + G2. 
Proof See EJ. □ 
Definition 2.3. We define the function 

h{n) = Gi log(n) + G2 
where Gi and G2 are as in Lemma 12.21 

3. The function ry(x) 

Given a finite group G and a character x G Irr(G), we define r](x) as the number 
of non-principal irreducible constituents of the product xX- We give examples 
showing that there is no relation between induction of characters and 77. 

Example 3.1. Ifx~&'~^ is induced from some 9 G Irr(i/), where H <G, then we 
need not have ri{x) > vi^)- 

Proof. Let E be an extra-special group of exponent p and order p^, for some odd 
prime p. Let a € Aut(£') be an element of prime order q that divides p~l. Assume 
that a acts fixed point free on E. 

Set G =< a > E. Let 9 e Irr(£') be a non-linear character. Since a acts fixed 
point free, we have that 9'^ — x^ Irr(G). 

Observe that G has q linear characters, namely the irreducible characters oiG/E. 

2_-. 

Also G has irreducible characters of degree q, the characters that are induced 
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from linear non-principal characters of E. And finally there are irreducible 
characters of degree pq. We conclude that G has q + ^ — h distinct irreducible 



We can check that 



characters. Thus ?y(x) < 9 ^ 1 . ^ ^ 



q - 1 H \ < p - 1. 

q q 

Observe that 09 = (lz(£;))^- Thus 77(6*) = p'^ - 1 > ■q{x)- □ 

Example 3.2. If X ~ induced from some 9 G Irr(i?), where H < G, then we 

need not have ?7(x) ^K^)- 

Proof. Let G be an extra-special group. Let x G Irr(G) be a non-linear character. 
Let ^? be a linear character of some subgroup H oi G such that x = (^'^ ■ Then 

vix) > = 0. □ 

4. Proof of Theorem C 

Let G be a finite group and x G Irr(G). Consider the expression for XX- 
We will see in this section that if G is solvable, then 1 G {ai}. That may not be 
true in general. For example, consider Aq, the alternating group on 6 letters, and 
X5 £ Irr(A6) with X5(l) = 10. Using the notation of page 289 of jl], we can check 
that 

X5XE = Xi + 2X2 + 2x3 + 3x4 + 2x5 + 2x6 + 2x7- 
Thus {a,} = {2,3}. 

Lemma 4.1. Let L and N be normal subgroups of G such that L/N is an abelian 
chief factor of G. Let 9 G Irr(i) be a G-invariant character. Then the restriction 
9n is reducible if and only if 

(4.2) 9{g) ^0 for all g e L\ N. 
Also if 9n is reducible, then 

(4.3) 6l0=(l7v)^ + $ 

where $ is either the zero function or a character of L, and [^n, Iw] = 0. 

Proof. Let Lp G Irr(A^) be a character such that [<y5, 6'7v] 7^ 0. If 9^ is reducible, by 
Theorem 6.18 of we have that either 9n = e(^, where e^ = \L : N\, or 9 — if^. 
If 9m — e(/3, where = |L : iV|, by Exercise 6.3 of we have that 9 vanishes on 
L\N . li 9 ~ (p^, since is a normal subgroup of L we have that 9{g) = for all 
ge L\N. Thus E!21l holds. 

Now assume that H4.2II holds. Then 



[eiv,e^] = ^5]%)%) 

= WlT.^(9)W) by 63 

' ' geL 
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where the last equahty holds since 9 £ Irr(L). Because \L\/\N\ > 1, it follows that 
^jv is a reducible character. 

For any 7 G lrr{L/N) we have that 

= m[ E %)%)7(5) + E%)%H5)] 

' ' geL\N geN 

= ^ [ E ^(3)%) + E (^(9)0WK9)] by m 

' ' geL\N gGN 

= m [ ^ ^(^^^ + ^ ^(5)%)] since Ker(7) > TV and 7(1) = 1 
= [0,9] = 1. 

Thus (1131) follows. □ 

Lemma 4.4. Let G be a finite solvable group and x S Irr(G). Let {ai \ i = 
1, . . . ,?7(x)} be the set of non-principal irreducible constituents of the product XX- 
Let N be a normal subgroup of G. Then xn G Irr(A^) if and only if N ^ Ker(Q;i) 
fori = l,...,ry(x). 

Proof. Observe that 

[xn,Xn] = [xnXn^ Ijv] 

n 

= [(1g + E"''^«)^'l^] by ini) 

n 

= [ItV + E ^ii^i)N, liv] 
1=1 

n 

= [Itv, Iat] + E o-i[{ai)N, Iat] 
1=1 

= i+E°^»[("»)^'i^]- 

i=l 

Thus [xAr,XAr] = 1 if and only if J2'^=i'^i[i'^i)N,'^N] = 0. Since > for 

i = 1, . . . ,n, we have [xAfjXw] = 1 if and only if [{ai)N; Itv] — for all i. Since 

[(Q;i)Ar, Iat] = if and only if TV ^ Ker(ai), the result follows. □ 

Proof of Theorem C. Set N — Ker(Q;j). Let L be a normal subgroup of G such 
that L/N is a chief factor of G. Since iV = Ker(Q;j) ^ Ker(ai) for i = 1, . . . , n, we 
have L ^ Ker(Q;i) for i = 1, . . . , n. By Lemma f4. 41 we have that xl G Irr(L). Set 
9 = XL- Since N = Ker(aj), we have that [{aj)]\j, ^n] — Q^j(l)- Thus 

[xn,Xn] = [(xx)iv, Iat] > 1 + ajajil) > 1. 

Therefore xn is reducible. By Lemma [4. II we have that 

(4.5) (xx)l = # = 1^ + $, 
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where $ is either the zero function or a character of L and [$Ar, Ijv] = 0. Also, by 
1)1. l|l we have that 

n 

ixX)L = lL + ^ai{ai)L- 

2 = 1 

Let 7 G Irr(L/Ker(Q;j)) be such that [(Q;j)L,7] 7^ 0. Then 

< aj[(aj)L,7] = [iajaj)L,j] < [{xx)Ln] = 1, 

where the last equality follows from (|4.5|l . Therefore aj — 1. 

Since there is some j £ {!,..., n} such that Ker(aj) is maximal among the 
Ker(a,;) for all i, the last part of Theorem C follows from that. □ 

5. Proof of Theorem B 

Lemma 5.1. Assume G is a finite group and x G Irr(G) is a faithful character. 
Let {ai G Irr(G)'^ \ i = 1, . . . ,n} be the set of non-principal irreducible constituents 
of XX- Then 

n 

Z(G) = f|Ker(a,)- 

1=1 

Proof By Lemma 2.21 of [T], 

n n 

Ker(xx) = Ker(lG) fj Ker(a,) = f| Ker(a,)- 

1=1 i=l 

Since {xx)ig) — if and only if g G Z(x), it follows that Ker(xx) — Z(G), and 

the result follows. □ 

Definition 5.2. Let G be a group and L be a subgroup of G. We say that 

{N,9) < (L» 

if TV < L, (/) G Irr(L), 6 G Irr(iV) and [(j)N,d] ^ 0. We say that 

{N,9) < (L» 

if TV < L, (/) G Irr(L), e G Irr(iV) and [(I)n,0] ^ 0. 

Let X be a family of normal subgroups of G with G G X. We say that a chain 

(iVo,^o) > > >■■■> {Nk,9k), 

where Nq = G and x = ^'o, is an (X, x)-i"educing chain if A'^^ G X and {0i)Ni+i is 
reducible for i = 0, . . . , fc. 

We say that the above chain is a maximal {X, x)-reducing chain if it is a 
{X, x)-reducing chain with the following two properties: 

(i) For any i with < i < k, the group Ni is a maximal subgroup in the set 

{Af G A I M < Ni^i and {9i^i)M is reducible}. 

(ii) For any M G X such that M < Nk, the restriction {9k)M is irreducible. 

Remark. Given a family X of normal subgroups of G with G G A and given 
X G Irr(G), there is always an (A, x)-reducing chain, and a maximal {X, x)-i'educing 
chain. In fact (G, x) is already an (A, x)-reducing chain. We find a maximal 
reducing (A, x) chain by induction. We start with {No,9o) — (G, x)- If (^'o)m is 
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irreducible for any M E X, then {Nq,6q) is our maximal (X, x)-i'educing chain. 
Assume we have found {Ni-i, 9i-i) for some integer i > 1. If the set 

{M e X \ M < N,_i and iOi_i)M is reducible} 

is non-empty, we choose Ni to be any maximal element in this set, and 9i to be any 
character in Irr(7Vi) such that [(6',i_i)Ar. , Oi] > 0. Otherwise we stop our chain with 
k = i-l. 

Hypotheses 5.3. Assume G is a finite solvable group and x G Irr(G) is a faithful 
character. Set n = r]{x)- Let {ai S Irr(G')'^ | i — l,...,n} he the set of non- 
principal irreducible constituents of xx- Set 

(5.4) 17 = {f|Ker(a,) |5C{l,2,...,n}}, 

where fligs Ker(ai) is taken to he G when S is empty. 
Let 

(G,x) = (iVo,eo) > (A^i,^i) > ••• > {Nu,ek) 
he a maximal {Q,x)~'^^ducing chain. 

Lemma 5.5. Assume Huvotheses 15.51 Then the maximal (Q,x) -reducing chain 
has the following properties: 

(a) For any integer i = 1,2, ... ,k and any normal subgroup M of G such that 
Ni < M < Ni^i we have that 

(5.6) (&»-i)m e Irr(M). 

(b) Nk is ahelian. 

(c) k < n. 

(d) //, in addition, G is super solvable, then k <n — 1. 

Proof, (a) If M S n, then (0i_i)M has to be irreducible. Otherwise Ni is not a 
maximal element in Q, such that (Oi^i)^^. reduces, a contradiction with property (i) 
in Definition 15.21 

So we may assume that M is not an element of f2. Let L be minimal among all 
elements K € ft such that M < K < Ni^i. By property (i) in Definition 15.21 we 
have that 

0= (e»-i)L elrr(L). 

Observe that 

(5.7) 1 = [0, 0] = 1l] < [(</)^)m, Im] = [^M,M 
where equality holds if and only if (f>M & Irr(Af). 

Recall that [xWi-i > ^i-i] 0. Thus [xl,(?I)] ^ 0. Let T be the stabilizer of (j) in 
G and F be a set of coset representatives of T in G. Thus if 5, ft. G Y and g ^ h, 
we have that (j)^ ^ cj)^ and therefore [(f>^, 4>^] = 0. By Clifford Theory we have that 
XL — ^J2geY ^ ^'^^ some integer e > 0. Thus 

(5.8) [{xxh, U] = [xl,Xl] - [e ^ 0^ e 5] c/.^] = ^ [0^ 0^] 

g& geY geY 

Since xm = (xl)j\/, we have that 

[{xx)m, 1m] = [XAf,XM] 

gGY gGY 
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If (j)M i Irr(M), then lEHl) and imply that 

(5.10) [{xx)l,Il\ < [(xx)m,1a/]. 

By and (|5.1U|) there exists some aj such that Ker{aj) > M but Ker(Q;j) ^ L. 
Therefore L n Ker{aj) is a proper subset of L, contains M and hes in fl. This 
contradicts our choice of L. Thus {6i-i)M = 4>m & Irr(M). 

(b) By Lemma lO we have that Z{G) C M for any M e il. Thus (6'fc)z(G) 
is irreducible by property (ii) in Definition 15.21 That implies that 9k G Irr(A''fc) is 
a linear character. Since Nk is normal in G and [xN^,dk] 7^ 0, all the irreducible 
components of XNk are linear. By hypothesis x S Irr(G) is a faithful character. 
Therefore Nk must be abelian. 

(c) This follows from the definition of fl and the fact that the set {Ker(aj)} has 
at most n elements. 

(d) Suppose that = Z(G'). Let L/N^ be a chief factor of G with L < Nk~i- 
Since G is supersolvable, L/Nk is cyclic of prime order. Observe that L is abelian 
because it has a central subgroup Nk with a cyclic factor group L/Nk- So Ok extends 
to L. By (a) we have that {dk-i)L G Irr(L). Thus {Ok-i)Nk — ^k- That can not be 
by Definition We conclude that Nk ^ Z(G). 

Since Nk ^ Z(G) = 0"=! Ker(ai) and {Ker(ai) | z = 1, 2, . . . has at most n 
elements, we must have that fc < n — 1. □ 

Theorem B is an application of Lemma 15.51 

Proof of Theorem B. Working with the group G/ Ker(x), by induction on the order 
of G we can assume that Ker(x) — 1. Let 

(G,x) = (A^o,^o) > {Nue^) >■■■> {Nk,9k) 

be a maximal (f2, x)-reducing chain. For each i — 1,2, ... let Li be a normal 
subgroup of G such that Li/Ni is a chief factor of G and Li < Ni-i. 

By Lemma [5.51 we have that {9i-i)Li G Iri'(ii). Since Li/Ni is an elementary 
abelian p^-group for some prime pi , we have 

0,_i(l) = 0,(l)p,"- 

for some integer rrij > 1. Here to, = 1 in the case that G is supersolvable. By 
Lemma f5. 51 (h). we have that 6*^.(1) = 1. By Lemma [5.51 fc). k < n. We conclude 
that x(l) has at most k < n distinct prime divisors. 

If G is supersolvable, by Lemma [5.51 (d) we have k < n — 1. Thus x(l) has at 
most n — 1 prime divisors. □ 

6. Proof of Theorem A 

Hypotheses 6.1. Assume Hvvotheses \5 For each i, let Li/Ni be a chief factor 
of G where Li < N^i. 

Lemma 6.2. Assume Hypotheses There exists a subgroup U of Li and a 

character cj) G Irr(C/), such that 

(6.3) (N,9,)<{U,(t>)<{L,,^) 

Proof. Suppose that the lemma is false. Then for any U and <f> e Irr([/) such that 
holds, we have that (Li)^ = Li. Choose a chain 

{N,9,) = {UsAs) <■■■< (C/i,0i) < iUo,M = 
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such that \Uj-i : Uj \ is a prime number for all j = 1, 2, . . . , s. We can do that since 
Li/Ni is an elementary abelian group. Since {Li)^. — Li for all j = l,2,...,s, 
we have {Uj-i)^- — Uj-i. Since \Uj-i : Uj\ is a prime number, it follows that 
{(j)j-i)u- — <j)j for j = 1, . . . ,s. But then (0i-i)Ar. G Irr(A^i), a contradiction with 
Definition 15.21 {\). Therefore there exist U < Li and a character (p G Irr(?7) such 
that 1)6. 3|l holds and (Li)^ ^ Li. 

Since Ni < {Li)^ < Li, and Li/Ni is an elementary abelian subgroup, the sub- 
group {Li)^ is normal in Li. By Clifford Theory ip is induced from some character 
ip^ S Irr((Li)0). Since (Li)^ is normal in L;, and {'(jj<f>)^^ = ip, we have = 
for any g € Li \ {Li)^. □ 

Lemma 6.4. Assume Hvvotheses 16'. il Lei = |{Q;j |iVi < Ker(Q;j) and Ni^i ^ 
Ker(Q;j)}|. T/ien iwe /lawe 

dl(A^,_i/Cw,_,(L,/iV,)) < /i(r,), 

where h is as in Definition \2.'A 

Proof. By Lemma [5.51 fa), we have that 

(6.5) V = eln-(i0- 

Let ^(■0) be the "vanishing-off subgroup of ?/'" (see page 200 of 0), the smallest 
subgroup V{ip) of Li such that ip vanishes on Li \ V{ip). Since ip = {Oi-i)^. and 
Oi-i G Irr(Afi_i), the subgroup V{ip) is A'^i_i-invariant. Therefore NiV{ip) is a 
normal subgroup of iVi_i. Let J7 and G Irr(J7) be as in Lemma IF?^ Observe that 
y{'P) < {Li)(t> since for all g G Li \ [Li)^ we have that ip{g) — 0. Also observe that 
Ni < [Li)^. Thus NiV[tp) < [Li)^. Therefore NiV{'4') is a proper subgroup of Li. 

Let M be a subgroup such that NiV{'ip) < M < Li and Li/M is a chief factor 
of Ni-i. So we have the following relations: 

N, < N.Vi-^) < M < L, < 7V,„i. 

Since Li is a normal subgroup of G, the quotient Li/M^ is also a chief factor of 
Ni^i, for any g E G. Hence for any g & G 

(6.6) MMf = M or MM^ = L^. 
Lemma [4.11 gives us that 

where $ is either or a character of Li. Since [(x)^^, V'] 0, this implies that 

{xx)l. = 1m + 0' 
where is either or a character of Li. This and Hl.l|l imply that 

n 

Thus 

n 

lvv{L,/M)* = U{7 e Irr(L,/Af)# | [(«,)l.,7] ^ 0}. 
i=i 

Let X — {a.j\[{aj)LiTl] 7^ for some 7 G Irr(Li/M)^^'}. Observe that X is a 
subset of the set 



{a-j I iV, < Ker(aj) and Ni_i ^ Ker(aj)}. 
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Thus 

(6.7) \X\<n. 

Let 7,(5 G Irr(Li/Af )'^. Suppose that 7 and 5 he below the same aj G X, i.e. 
[(pij)Li,l\ 7^ and [{aj)Li,S\ ^ 0, for some j — l,...,n. Since Li is a normal 
subgroup of G and G Irr(G'), by Clifford theory there exists g € G such that 
7^ = 5. By definition we have that M < Ker{S). Observe that 

< (Ker(7))s = Ker(7f) 

Since 7^ = (5, we have MM^ < Ker(^). By we have that Aff = A/, i.e. 

5 G Na{M). We conclude that 7 and (5 lie below the same aj if and only if 7^ = J 
for some g G NdM), i.e the set {7 G Irr(L,/Af)# | [iaj)L,l] ^ 0} is an Ng{M)- 
orbit in lvr{Li/M)*. Set = Ng{M)- Each i/-orbit in lvr{Li/M)* lies under at 
least one character aj in X, and any each aj lies over a single iJ-orbit Irr(Li/Af). 
Hence H acts on Irr(Li/Af)^ with at most \X\ orbits. By 1)6. 7|l we conclude that 
H acts on Irr(ii/Af)^ with at most orbits. By Lemma [2.21 we have that 

a\{h/Ch{l,/m)) < h{n). 

Since iV,_i <H = Ng{M) and Ch{L,/M) n 7V,_i = CAr,_, (L,/Af), we have 

dl(iV,_i/Cjv._i(i»/A/)) < h{n). 
For any g G G, we can check that 

(G,x) - (A^o, (^o)'') > {Ni, (^i)») > • • • > (iVfc, (0fc)^) 
is a maximal (G, il)-reducing chain. Thus, as before we can conclude that 

(6.8) dl(7V,_i/Cjv,_i(i./Af»)) < h{r,). 

Since Li/Ni is a chief factor of G and Ni < M < Li, we have that 

coreG(A//) = Q AP = A^,. 

Therefore 

(6.9) fl CAr._, {L,/MS) = C^,_, (£./iV,). 
see 

Observe that the lemma follows from (|6.8() and (|6.9() . □ 
Lemma 6.10. Assume Hvvotheses \5.'A 

dl(7V,_i/7V,) < dl(iV,_i/C^,_,(L,/iV,)) + 1. 

Proof. Set G = C]y._-^{Li/Ni). Observe that Li < C and that G is a normal 
subgroup of G. We want to prove that C/Ni is abelian. We may assume that 
G > Li. Observe that if [/ is a group and Ni < U < Li, then U is normal in G. By 
Lemma 16.21 there exist U and (f> G Irr(L/), where 

(6.11) {N,9,) <iU,<f>) <iL,,ij) 

and (ii)0 < Li. In particular we have that G^ ^ G. Since (Bi^ij^. = ip G Irr(Li) 
and U < Li < C < iVi_i, we have that {9i-i)c G Irr(G) and (^i--i)c lies above 
(f>. By Clifford Theory, there exists ( G Irr(G0) such that C*" = (^i-i)c- Since 
(C'")Li G Irr(Li), we have that G = G^Li (see Exercise 5.7 of pP). Observe that G^ 
is normal in G since Li/Ni is central in G = Cat^^^ (L^/A^i). Since Li/Ni is abelian, 
so is C/G^. Since G is normal in G, for any g & G we have that G/G? is abelian. 
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Since {9i-i)c G Irr(C), while [{9i-i)u , (j)] ^ and (ii)^ < Li, we have that 
{di-i)c^ is a reducible character. Set P = C\geG^$- Observe that P is a normal 
subgroup of G with Ni < P < A^i_i. Observe also that {9i-i)p is reducible since 
P <C(f,. By Lemma [5. 51 faV we have that P = Ni. Therefore C/Ni is abelian and 
the lemma follows. □ 

Lemma 6.12. Assume Hvvotheses \6. 1[ Then 

dl(7V,_i/iV,) < hin) + 1. 

Proof. It follows from Lemmas 16 .41 and 16 . 101 □ 

Lemma 6.13. Let n > 1 be an integer. Set N = {1, 2, . . .}. Define 

(6.14) p{n) — max{ni • rt2 • . ■ . • | ni, n2, . . . , Jig G N and ni+n2 + . . . + ns = n} 



Then 



p{n + 1) < 2p{n). 



Therefore 

(6.15) p(n)<2"~i. 

Proof. Observe that n < p{n) since we can take s = 1 and ni = n in H6.14|l . Thus 
if p{n + 1) = mi • m2 ■ . . . • mt, where mi, m2, . . . ,mt are non-zero positive integers 
and mi + m2 + . . . + mt — n + I, then > 1 for some i G {I, . . . ,t}. Assume that 
mi > 2. Then mi — 1 > 1, (mi — 1) + m2 + . . . + mt = n. By definition we have 
that (mi — 1) • m2 • . . . • mt < p{n). Thus 

p{n + 1) = mi • m2 • . . . ■ mt 

— (mi — 1) • m2 • . . . • mt + 1 • m2 • . . . • mt 

< p(n) + 1 ■ m,2 • . . . • mt 

< p{n) + (mi — 1) • m2 • . . . • mt 

< p{n) + p{n) — 2p{n). 

Since p(2) = 2, inequality H6.15|l follows. □ 

Proof of Theorem A. Working with the group G/ Ker(x), by induction on the order 
of G we can assume that Ker(x) = 1. So we may assume Hvpotheses 15.31 Let 

(G,x) = (A^o,eo) > {NuOi) >■■■> iNk,9k) 

be a maximal (fi, x)-reducing chain. Set n = ?7(x). By Lemma 15.51 (h) and (c), we 
have that Nk is abelian and k < n. By Lemma 16.121 we have that, for i = 1, . . . , k, 

dl(7V,_i/iV,) < kin) + 1, 

where = |{aj|iVi < Ker(aj) and Ni-i Ker{aj)}\. The definition of a maximal 
reducing chain and the definition of r; implies that 

(6.16) ri + 7-2 + . . . + rfc < n. 
By Lemma l6 . 1 HI we have that 

k 

— 1 
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Thus 

k k 

dl(G) < Y,^KN^-l/Ni) + d\{Nk) < + 1) + 1. 

i=l i=l 

Since h{ri) — Ci log(ri) + C2 by Definition 12. 31 we have that 

k k 

dl(G) < ^(Ci log(r,) + C2 + 1) + 1 = Ci[^log(r,)] + {C2 + l)k + 1 

1=1 1=1 

k 

< Ci \og{l[u) + iC2 + l)k + l. 

i=l 

Let s = X]i=i ^i- l|tj-lfc>|l we have s < n. By Lemma FS. 151 we have that 

k 

Y[n< 2'-^ < 2"-\ 

i=l 

Thus 

dl(G) < Ci log(2"-i) + (G2 + l)fc + 1 < (n - l)Ci log(2) + (G2 + l)n + 1, 

where the last inequality follows from k < n (see Lemma 15.51 (c)). Set C = 
Ci log(2) + C2 + 1 and I? = 1 + Gi log(2). Then 

dl(G) <Cn + D. 

□ 

Theorem 6.17. Let G he a super-solvable group. Let x £ Irr(G) he such that 
X(l) > 1. Then 

dl(G/Ker(x))<2,7(x)-l. 

Proof. Working with the group G/Ker(x), by induction on the order of G we can 
assume that Ker(x) = 1. 
Let 

(G,x) = (A^c^o) > W,0i) > ••■ > {Nk^Ok) 

be a maximal (fi, x)-reducing chain. Let Li/Ni be a chief factor of G, where 
< Ni^i. Since G is a supersolvable group, Li/Ni is a cyclic group of prime 
order. Set LI = Ni-i/CNi_i{Li/Ni). Observe that H acts faithfully on Li/Ni as 
automorphisms. Since Li/Ni is cyclic, LL is abelian, i.e. 

dl(iV,_l/CAr,_,(i,/7V,)) < 1. 

By Lemma [6. 101 we conclude that 

dl(A^,_i/iV,) < 2. 

By Lemma IsTSl fd) we have that k < ry(x) — 1. Also Nk is abelian by Lemma 1531 
(b). Thus 

dl(G) < 2(r;(x) - 1) + 1. 

□ 
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